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Lecture 5 : Stochastic gradient descent and theoretical properties

So far, we witnessed two first-order algorithms: gradient descent and its Nesterov accelera-
tion. The common points of these algorithms is their access to an oracle of first-order derivatives
(i.e., the gradient). In reality, such an oracle can be expensive, and one only has access to a
noisy version of the true gradient. Stochastic gradient descent emerge as an alternative for its
deterministic counterpart in those cases, and it is the main topic of this lecture.

1 Definition of stochastic gradient descent

Motivation: Adaptation of gradient descent to massive datasets Remind that in
machine learning, many optimisation problem admits the following form:

1 n
= 2;(0)

where D = (x;,y;); € (X x V)" is a dataset, £: Y x Y — R is a loss function and f(0,-) is a

parameterized model (for example, a linear model or a neural network).
If n>> 1 (for example, n > 10°), the estimation of gradient of £ is expensive because:

VL) = % zn: V(6).
=1

Different from the update rule of the original gradient descent for minimizning £, which is given
by:

Or1 = O — axVL(O}), (GD)
the stochastic version uses the following update rule:

Or+1 = 0 — apVE;(0g), (SGD)
where i € {1,...,n} is a randomly chosen index (usually from U ({1,...,n}) - the uniform

distribution of the set {1,...,n}). With this choise of iy, even if (SGD) does not take the same
direction as (GDJ) for each realisation of i, it does so in average because:

E[9k+1 ‘ Gk] = Gk — OékEz[VEZ(Hk)]

:ek_ak’rllzve&(e) (Car kau({lavn}))

=1

= 0 — aVL(Oy).
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Moreover, with the same computation cost, the stochastic gradient descent can do O(n)
steps, instead of only one (as in the gradient descent case), which makes this method very fast
and competitive in practice.

Other forms of stochastic gradient descent More generally, the formula of stochastic
gradient descent can be written as:

Ok+1 = Ok — ar (VL(Ok) + k) (SGD-G)
———
9r(0r)

where €, is a pertubation term inserted to the kth iteration. Below are several popular choices
of e:

1. In the previous case, we have:

€ ~ U({Vﬁ(@k) — VE,(Qk) | 1= 1, ‘e ,n})

2. Gaussian distribution: e ~ N(0,0?).

In certain applications (for example, training with differential privacy), e is sampled from
Gaussian distribution rather than (SGDJ). As gradient descent, we establish the theoretical
guarantees of the stochastic gradient descent in the following:

2 The convergence and the convergence rate of the stochastic
gradient descent
In this section, we first introduce the important hypothesis for our theoretical results concerning

the stochastic gradient descent defined in (SGD-G|). After that, we treat three cases: £ non
convex, convex and u-strongly convex, as we did with gradient descent.

2.1 The hypothesis on the stochastic gradient descent

Assumption 2.1 (Hypothesis on £). The objective function L defined in Equation 1s L-
smooth.

Assumption can be satisfied when the function ¢;(-),7 = 1,...,n are L-smooth, which is
usually the case for optimization problems such as linear regression or linear logistics.

Assumption 2.2 (Hypothesis on gi). Assume that gi(-),k € N verifies:
1. E[gr(0)] = VL(9), V8 € R%.
2. E[|lgi(0) — VLO)||!] < 02,0 € RY.

Several examples that verify Assumption will be found in the tutorial session.
Le lemme suivant est la version stochastique du lemme de descente que nous avons vue dans
le cours précédent.

Lemma 2.1 (Stochastic version of descent lemma). Consider L a function verifying Assump-
tion [2.1] and g, the stochatic gradient of L verifying Assumption [2.9, we have:

2
Lag

2
E[L(Ok41) | 6] < L(0k) — <ak —~ 2) IV L) + Lo 2,

2
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Proof. By the property of an L-smooth function, we have:

L
L(Ok11) < L(Ok) + VL(OK) (Oryr — Ok) + 5 10k41 = OkI?

< £(60) — ax (TL(0), 1(60) + 2K 80) -

Taking the expectation of the above inequality, we obtain:

Oé2
BIL(0k1) | 0] < L00) — ol VLG + “o Bl gy(00) | | 64

2
< L) ~ x| VLG + 7ok (IVLG)| + Varlow(0r) | 6:)

L 2
= L) — VL@ + 5% (VL@ +0%) O

2.2 Le cas non convexe

Theorem 2.2 (Stochastic gradient descent for L-smooth function). Suppose that £ : RY — R
et g : RY — R verifies Assumption and Assumption respectively. We suppose in
addition that C := infycpa L(0) > —00 and o = o < % is a constant. The iterations generated

by (SGD-G)) verify:

L(6y) - C La
2] < 2
i EIVE@OI] < 2 s + g

T2 2

Proof. By taking the expectation of the inequality of Lemma we obtain:

Lao? Lao?
E[L(6)] < BI200] - (a - Tg- ) EIVLOI + 5o
By summing this inequality from £ =0,..., K — 1, we have:
! Lao?
EM@M<EM%H—@—>ZﬁWWMH|+K2”ﬂ
k=0

This implies:

K-

,_.

E[| VL))
k=0
1

Lo?
a- T)

! )<mq%ﬂ C+KM1£> O

<

2

_min_ E[IVLE)

T
N%*

(Eleton) - Bico) + K50

Remark 2.3. Si nous prenons a = nous aurons E[||VL(6:)|?] < O <

Lf T)

2.3 The strongly convex case

Remind that if £ : R? — R is u-strongly convex, then there eixsts an unique optimal solution
0* and for all 6, we have:

(o) - £(0) < ;ﬂuvc(e)u?.
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Theorem 2.4 (Stochastic gradient descent for p-strongly convex and L-smooth functions).
Suppose the same hypothesis as in Theorem [2.] In addition, we suppose that f is p-strongly
convex (u>0) and 0 < a < % Then the iterates generated by (SGD-G|) verify:

E[L(6;) — £*] < (1 — pa)*E[L(6) — L] + 52‘0—2, Vk € N.

Proof. Denote £* the minimum value of £. By Lemma [2.1] we have :

Lo? Lo?
BIL(0hr) ~ £ 104] < £00) = £ = (a = 5 ) VL@ + o2

2 2
< L(0k) — L7 —2p (a - L;)‘) (L(0) — L*) + LT‘I#
2

< (1 ~ 2pa <1 - Lj‘)) (£(08) — £) + T2

o2
< (1 — pa) (L(Og) — L) + %02 (car a < %)

By taking the expectation w.r.t. 8, we obtain:

2,2
Léa®

g,

EIL(011) — £ < (1 - p)E[L(0)) — £1] +
By recurrence, we can show that:

E[L(6;) — £*] < (1 — pa) E[L(6) — L] + =—0o2.

Remark 2.5. If the number of iterations k is fixed and sufficiently large, we can take:

opk T L
Therefore, the bound Theorem becomes:
Ink\* Link
EL0) — £ = (1— 25) E[L(y) — £ + 22052
k 2k
1 Lilnk
< _F _px 2
= [£(60) — L] + ST

1
O
N
| =
~__
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3 Summary of theoretical guarantees of gradient descent and
stochastic gradient descent

Hypothesis Result Convergence rate

e [ is L-smooth.

® g is not biased and of bounded
variance.

e infy E(e) > 0.

limy, o mingen E[| VL(6,)]] = 0 O ( s 1)

e L is L-smooth.

e g; is not biased and of bounded
variance.

e infy £(0) > 0. limg 0o E[L(0k) — L(6%)] =0 O < E)
e An optimal solution exists.

e [ is convex.

e L is L-smooth.

e g; is not biased and of bounded
variance. limy o0 E[L(0)) — L(6)] = 0 ( )

O
=

L is p-strongly convex.

Table 1: Summary of stochastic gradient descent.

Descente de gradient

H heses Des 1 .
ypotheses escente de gradient stochastique

£ is L-smooth 0) ( %) 9 ( " %>

1
L is L-smooth and convex O (E) O ( %)

L is L-smooth and p-strongly O ((1 _ %) k) O (%)

convex

Table 2: Comparison between gradient descent and stochastic gradient descent.
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