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1 Introduction

In previous lectures, we already discussed about one of the most well-known optimization algo-
rithms: gradient descent and its theoretical guarantee (on the convergence of iterates and of the
objective functions). A natural question is: is gradient descent the best optimization that we
can use when dealing with the class of L-smooth (and convex) functions? And what is the limit
of an algorithm optimizing a function of this class? These questions will be (party) revealed in
this lecture.

2 First-order methods and their fundamental limits

In this section, we consider the following question:

Question 2.1. Given an optimization algorithm A and a function class F, investigate the worst
objective gap at the kth iteration, i.e.,

UF,A) = iggf(m) - [

where xj, is the kth iteration generated by A and f* = inf, f(x).

The sup operator in implies that we would like find the worst function making the
algorithm A sufferred the most. This gives us a lower-bound on the performance of the algorithm
A when optimizing a function of f.

Of course, we expect that ¢(F,.A) depends on the initialization z¢, the number of iterations
k and the properties of the function class F.

To this end, we consider A and F as follows:

1. Ais a first-order algorithm, i.e., an iterative method whose sequence of iterates xj, satisfies:
z € xo + Lin{V f(zo),...,Vf(zr_1)}, k> 1.
In particular, gradient descent is a first-order method because:

xp = xp—1 — aV f(zr_1)
= T2 — aVf(xg_2) — aV f(zk-1)

= 20— a(Vf(z0) + - + V(zh-1)).
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2. F is the set of convex and L-smooth functions, i.e., f is convex and its gradient is L-
Lipschitz.

Throughout this section, we will prove the following result:

Theorem 2.2 (Lower-bound of first-order methods performance). For any xg € R" and 1 <
k< %(n — 1), there exists a function f € F such that for any first-order algorithm A, we have:

3L||xo — :1;*H2

Han) =1 2 =01y

e — 2*|I* > 2 llwo — 2.

ol =

where z* € argminf and f* = f(x*).

The proof consists multiple steps, which are detailed below:

Construction of the functions f We consider a family of k quadratic functions (k =
1,...,n) given by:

fe(x+8) — fr(z) :g [511‘1 + Z(S’ — 81;+1)T(xi —Tiy1) + TESk — 81]

k—1
2 2 2
v+ Y (i —wi)” + 2}
=1

We prove that fi € F. Given a vector s € R™, we have:

first-order term

1 L k—1
t5 7 (s% + Z(SZ —sit1)? + si)

i=1

second-order term

Therefore, we conclude that:

k—1 k—1
L L
0<s V2f(z)s = 1 (3% + Z(Sl —siy1)? + 5%) < 1 <3% + 22(5? + 512—&-1) + si) < L|s|3.
=1 =1

Therefore, 0 < V2f(x) < LI. Therefore, f is convex and L-smooth (prove this is an exercise).

The optimal solution of the function f; We compute the minimum of the function fg.
Since f is convex, it is sufficient to find x such that Vf(xz) = 0. The gradient of f (up to a
constant %) is given by:

2r1 — T9
—x1 + 239 — 73
Vf(x)= e —e1
—Tg—2 + 2Xp—1 — T
—Tp_1 + 2x

Therefore, to have V f(z) = 0, one deduces (by induction) that:

xTr; = (kz—i—i—l)xk,
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and hence, we obtain:

], = 1-pi, i=1,....k
R, k+1<i<n.

The optimal value of fj is given by:

L k L 1
* = — = [1——— .

The iterates generated by first-order methods A Let’s fix a value 1 <p < n.

Proposition 2.3 (Properties of first-order methods). Let zg = 0. For any sequence {x},_,
generated by a first-order method A, we have:

zp €RFY = {z eR" | 2; =0,k +1<i<n}.
As a consequence, we have: fp(xi) = fr(vr) > fF,Vp=k,...,n.

Proof. The proof is conducted by induction and the form of the gradient of f.
Since f, — fr contains monomial of the form x;x; where j,1 > k, we have:

fo(@r) = felzr) = fi-
O
The actual proof of Theorem WLOG, we consider first-order methods A whose ini-
tilization is x¢p = 0. Otherwise, we can use the following remark:

Remark 2.4. One can choose different xg # 0. However, the result remains the same by
considering gx(-) = fr(- + x0).

We prove two claims one by one: since we assume k < %(n — 1), we consider the function
I = fok+1 and z* = x5, , ;1 We have:

2k+1 i 2 1 2k+1
* — — -2
Il = ol ; <2k+2> (2k + 2)? ; !
1 (2k+1)(2k+2)(4k+3) _ 2k +2
2k +2)2 6 - 3 7

1. First claim: .

1
f(xk>_f*>£.k7+l_2k+2:%_ 1
|lzo — a*||> — 8 2tz 32 (k+1)%

2. Second claim: Consider the quantity ||z — z*||%:

2k+1 2k+1 . 2
g —a* 3> Y (eh))?= Y (1- 5
= + 2k +2

i=k+1 i=k+1
1 2k+1 1 2k+1
“hl-pg S O
k +1 i=k+1 4(k T 1) i=k+1
g kT2 @k 1)(TK+6)
2 24(k + 1)

2k2+7k+6>2k2+7k+6’
— 24(k+1) T 16(k+1)2

jwo — a*|* > |12

||5U0 -

| =

3
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3 Optimal algorithm with Nesterov acceleration

Knowing that the lower-bound is O (k—lg), we wonder if there exists an optimization attaining
this limit. The answer is affirmative, which is the famous Nesterov acceleration method. It is

defined as follows:
L+ /14+40
A =

2

1— X
k41

Tk = (Nes-Acc)

1
Tyl = Yk — va(yk)

Y1 = (1 — V) Trt1 + YTk

where \g = 0 and z¢p = yp is a (random) initialization. The main result of this section is the
following:

Theorem 3.1 (Theoretical guarantee of (Nes-Acc))). Given a convex and L-smooth function
f, the iterates generated by (Nes-Acc) satisfy:

Flap) — f* < M

(k+1)2
where we assume x* € argminf is a non-empty set and f* = f(x*).

Proof. Since f is convex and L-smooth, we have:
(o= 795@) = s < 1 (2= 950 = 10+ V@) (@ - )

1
< —ﬁ||vf(ﬂf)||2 + V(@) (2~ y).

Applying the previous results for x = y; and y = g, we have:
1
Fonn) = 1) = 1 (= 19 5)) - 1)
1
< —EHVf(yk)H2 +Vf(yr) " (g — 1) (1)

L
= —§ka+1 —ykll® — L(xpy1 — yr) " (v — xp).

Similarly, we apply the result for x = y;, and y = z*:

Flaie) = F@) <~ i — uell? = Ln — 1) (0 — ) @)

Multiplying by (A — 1) and adding to yields:

N (F (i) = 1) =) (Faw) = 1) < 05 fopa =gl = Ll )T O O D)
—_——

Ok+1 Ok

By definition, we have: )\z_l = )\i — M. Therefore, multiplying the previous inequality by A,
we have:

A26i1 — Ai_ 0 < — (H)\k(mkﬂ — g+ 20 (Ter1 — vp) T Owyr — O — Dy — 90*))

(IMezrar — Ak = D — 2 = [ Arye — Ak — Vg — 2¥|)

M EeENEeE Vgl

(IMe1¥rr1 — g = Dapgr — 2117 = My — ke — D — 2*|%)
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Telescoping, we get:
L
N0k < §Hxl —a*|%.

The proof is finished by noticing that Ag_1 > %,sz > 1. 0

4 Summary on the theoretical guarantees of first-order methods

Hypothesis Gradient descent Nesterov acceleration

f is L-smooth.
An optimal solution 6* exist. flzx)— fr=0 (%) flzx)— =0 (1%2)

3] 1 1
Step-size a = T T — x* € argminf? Ty — o*

f is convex.

Table 1: Comparison between gradient descent and Nesterov acceleration
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