
Numerical Optimization Quoc-Tung Le

Tutorial 6 : Adaptive methods - Adagrad and variants

In this tutorial, we consider a simpler version of Adagrad: Adagrad-Norm. It is defined as
follows:

vk+1 = vk + ∥∇f(xk)∥2, v0 = 0

xk+1 = xk − α
1

√
vk+1

∇f(xk).
(AdaGrad-Norm)

Exercise 1 (Warm-up). Answer the following question:

1. Is (AdaGrad-Norm) a first-order method in the Nesterov sense, i.e.:

xk+1 ∈ x0 + Lin {∇f(xk),∇f(xk−1), . . . ,∇f(x0)} .

2. Consider applying (AdaGrad-Norm) to minimize the absolute value function, i.e., f(x) = |x|.
Prove that if xi ̸= 0,∀i = 0, . . . , k, we have:

xk+1 = xk − α
sign(xk)√

k + 1
.

3. Prove that limk→∞ xk = 0 (Warning: this question might be complicated!!!).

Exercise 2 (First properties). Consider {xk}k∈N the iterates of (AdaGrad-Norm), prove that:

1. For any T ≥ 0 and x ∈ Rd, we have:

T−1∑
k=0

⟨∇f(xk), xk − x⟩ ≤
(
max1≤t≤T−1 ∥xt − x∥2

2α
+ α

)
√
vT .

Hint: you might want to use the inequalities:

T−1∑
k=0

∥∇f(xk)∥2√
vk+1

≤
√
vT

2. Assume that max1≤t≤T−1 ∥xt − x∥2 ≤ R2, optimizing α to get the following inequalities:

T−1∑
k=0

⟨∇f(xk), xk − x⟩ ≤ R
√
2vT .
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Exercise 3 (Convex optimization problem). Consider {xk}k∈N the iterates of (AdaGrad-Norm)
optimizing a convex, L-Lipschitz function f with at least one minimizer x⋆. Prove that:

1. For any T ≥ 0 and x ∈ Rd, we have:

min
k=0,...,T−1

f(xk)− f⋆ ≤
(
max0≤t≤T−1 ∥xt − x∥2

2α
+ α

)
L√
T
.

2. Assume that max1≤t≤T−1 ∥xt − x∥2 ≤ R, optimizing α to get the following inequalities:

min
k=0,...,T−1

f(xk)− f⋆ ≤ RL

√
2

T
.

Exercise 4 (Smooth convex optimization problem). Consider {xk}k∈N the iterates of
(AdaGrad-Norm) optimizing a convex, L-smooth function f with at least one minimizer x⋆.
Prove that:

1. For any T ≥ 0 and x ∈ Rd, we have:

min
k=0,...,T−1

f(xk)− f⋆ ≤
(
max0≤t≤T−1 ∥xt − x∥2

2α
+ α

)2
2L

T
.

2. Assume that max1≤t≤T−1 ∥xt − x∥2 ≤ R, optimizing α to get the following inequalities:

min
k=0,...,T−1

f(xk)− f⋆ ≤ 4R2L

T
.
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