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Tutorial 3 : Gradient descent and theoretical properties

Exercise 1 (Gradient descent update). Given a sequence of pair (z;,v;),y; € {£1}, we consider
the following optimization problem (also known as logistic regression).

1 n
£(0) = > log(1 + exp(—yix] 0)). (1)
i=1
Prove that the update of gradient descent for L is given by:

n
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kel = Uk Z 1+ exp(y;x Tﬁk)

Exercise 2 (Unproven proposition 1). If f is L-smooth, then for all x,y € R?, we have:

F) < (@) + V@) (- a)+ 5 e -yl

Exercise 3 (Unproven proposition 2). Consider f : RY — R a p-strongly convex function, we
have:

L fltz+ (1 —t)y) <tf(z)+

2. If fis C, then f(y) > f(z
(Vf(x) = Vi(y) (x—y)

4. If fis C?, then V2f(z) =

(L= )f(y) = pt(1 = t)l|lz = y||*, Yo,y € RY, vt € [0,1].
)+ V(@) (y —2) + §llz - yl*, Yo,y € R
>

w

pllz —yl? Yo,y € R,
pI (i.e., V2f(z) — pl est positive semidefinite).

Exercise 4 (Gradient descent on quadratic optimization). Consider a simple quadratic opti-
mization of the form:

fla) = 5o Az

where A € S%¢ is a symmetric matrix. Remind that if A € S¥¢ is a symmetric matrix, there

exists an orthogonal Q € R%*? and a diagonal matrix D € R%*? such that A = Q DQ. Answer
the following question:

1. Prove that f is convex if and only if D has nonnegative entries. Deduce that f is p-strongly
convex if and only if all the coefficients in the diagonal of D are at least u.

2. If f is convex, prove that f* = min, f(z) = 0.
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3. If f is p-strongly convex, what can we deduce about the convergence speed f(xy) to 0 if x,
is generated by gradient descent (with a proper choice of the learning rate).

4. If f is only convex, can we say the same thing about the convergence speed of f(z) obtained
by gradient descent (with a proper choice of the learning rate).

Exercise 5 (Armijo and Wolfe conditions). Armijo and Wolfe (W] conditions provides
criteria to choose the step-size aj, > 0 when minimizing a C' function f. Assume that at the
kth iteration, one considers update the (k + 1)th iterate as:

T4l = Tk + apy,

these two conditions requires:

Farg) < flaw) + arer Vo (@) " pr, c1 €(0,1) (A)
Vf(@rs1) pr > Vi) pr, c2 € (c1,1) (W)

Our goal is to prove that if f is C'' and bounded below, p;Vf(a:k) < 0, then there exists a > 0
satisfying and . Consider two functions:

o(o) = flaw+ope) , o) = flzx) +acrVf(zk) pr-

1. Define g(a) = p(a) — (a

). Prove that there is an interval (0, &) such that g(a) > 0,Va €
(0,@) and g(0) = g(a) = 0.

2. By mean value theorem, prove that there exists & such that:

3. Conclude that & satisfies both and .
Exercise 6 (More about line search). Consider the line search conditions and (W]).
1. Show that if 0 < ¢s < ¢1 < 1, there may not exists «ay, satisfying both and .

2. Prove that if oy, satisfies for some ¢ € (0,1) and Vf(z)"pr < 0, then the following
equation (a.k.a curvature condition) is satisfied:

(@h1 — 1) (Vf(2h41) — V(1)) > 0.

Exercise 7 (Linear convergence of iterates). Consider a p-strongly convex, L-smooth function
f. Prove that the iterates generated by gradient descent with step-size 1/L satisfying that:

o -3 =0 ((1-4)").

where x* is the unique global optimal solution of f.



